Abstract. The theory of quadratic forms and class numbers has connections to many classical problems in number theory. Recently, class numbers have appeared in the study of black holes in string theory. We describe this connection and raise questions in the hope of inspiring new collaborations between number theorists and physicists.
Introduction
In this note we will explain an interesting phenomenon which occurs at the interface of mathematics and physics. This was recently identified at a series of conferences on "Number Theory, Geometry, Moonshine & Strings" at the Simons Foundation. We aim to highlight the involvement in physics of objects which are well-known to number theorists, and which have arisen in new and somewhat surprising contexts in theoretical physics. After literally centuries of exploration of the class numbers and class groups which are associated with binary quadratic forms of negative discriminant in the number theory literature, it has emerged recently that they appear to play an important (if somewhat mysterious) role in the physics of the simplest supersymmetric black holes in string theory. The goal of this exposition -aimed at both physicists and number theoristsis to foster further research collaboration between mathematicians and physicists. For instance, we shall describe key facts about these objects from the number theory point of view, and ask whether there are corresponding physical interpretations.
As we mentioned, this new connection arises from considering class numbers, whose study goes back to Lagrange and Gauss. In particular, Gauss studied positive definite binary quadratic forms, namely polynomials of the form [ 2 − 4ac, and this number is what is known as the class number of discriminant D. These equivalence classes also combine under an important operation known as the "Gauss composition law," which turns them into a finite Abelian group C(D). Such groups can also be understood via ideal class groups of imaginary quadratic fields. See Section 3 for more details on binary quadratic forms and class groups. Throughout this paper, by a fundamental discriminant, we mean a discriminant of an imaginary quadratic field.
Black holes and class numbers
The connection we explore here arose first in work of Moore, thoroughly explained in [37, 38] , with a telegraphic summary appearing in [36] . These papers studied prototypical examples of the attractor mechanism [19] governing supersymmetric black holes in compactifications of string theory from ten to four dimensions. The string theory compactification involves (in the simplest case) a choice of Calabi-Yau threefold X, along with a point in its moduli space of Ricci-flat Kähler metrics. In type IIB string theory, the resulting four-dimensional physical theory has N = 2 supersymmetry (for a nice review of string compactification which focuses on 4d N = 2 models and is accessible to mathematicians, see e.g. [1] ). The moduli of X devolve into scalars in the vector multiplets (coming from variations of the complex structure of X) and the hypermultiplets (related to variations of the Kähler structure of X) of the N = 2 supersymmetry. The vector multiplets (together with a single graviphoton in the supergravity multiplet) also give rise to an Abelian gauge group of rank h 2,1 (X) + 1.
In the setting of such string compactification, we wish to study black holes. For ease, we study supersymmetry preserving black holes; this, and the ambient supersymmetry of the string compactification, can be viewed as furnishing a "spherical cow" problem of the sort beloved by theoretical physicists. Understanding the precise properties (such as solutions, entropies, and associated microstate counts) of such black holes is easier than for their non-supersymmetric counterparts, and so provides a natural starting point.
The supersymmetric black holes in a 4d N = 2 theory carry electric and magnetic charges under the U (1) symmetries. The charges are (loosely speaking) classified by a charge vector Q ∈ H 3 (X, Z). For a given Q, the attractor mechanism associates to the black hole with charge Q a point τ Q in the moduli space of complex structures on X -physically, this is the value the moduli approach at the horizon of the associated supersymmetric black hole [19] . τ Q is specified by the fact that at the attractor point, the Hodge type of Q becomes purely of type (3, 0) + (0, 3):
By counting, this involves eliminating h 2,1 (X) possible subspaces which could appear in the Hodge decomposition of Q, and so occurs at (complex) codimension h 2,1 (X) in the moduli space of complex structures -i.e., at isolated points.
2.1. Attractor black holes in K3 × T 2 compactification. Understanding the BPS black holes in a generic Calabi-Yau compactification is a rich problem that remains beyond reach. However, for the case of X = K3 × T 2 , which enjoys reduced holonomy and consequently enhanced supersymmetry, one can characterize the BPS solutions completely. The observation of Moore was that in this prototypical example, one can canonically associate the attractor points to (equivalence classes of) binary quadratic forms of negative discriminant. The discriminant D < 0 determines the associated attractor black hole entropy via
Up to U-duality symmetries of the string compactification, there are a finite set of black holes at a given value of −D; the class group acts to permute these. To unpack this slightly, we note that the moduli space of Ricci flat metrics on a K3 surface is given by
The additional dimensions present in the first factor above (enhancing the (19, 3) to (22, 6) ) correspond to scalars arising in dimensional reduction of the string theory antisymmetric tensor field, and from periods of the so-called "Ramond-Ramond" (RR) higher-form gauge fields (which couple to D-branes) on the compact space. One can think of the second factor H/SL(2, Z) as parametrizing the complex structure of the T 2 . The atypical structure of this moduli space (as compared to generic Calabi-Yau threefolds, whose moduli locally factorize into products of vector multiplet and hypermultiplet moduli) is due to the extended 4d N = 4 supersymmetry enjoyed by the K3 × T 2 model. Importantly, the bosonic fields in the 4d low-energy theory include 28 Abelian vector fields in addition to the (scalar) moduli.
To find BPS states charged under these gauge groups, we need to wrap suitable D-branes on cycles of the compactification space. To understand this, note that the Abelian gauge fields arise from dimensional reduction of RR gauge fields under which D-branes carry a charge [1, 4] . Therefore, wrapped D-branes are the particles which couple to the Abelian gauge fields in the 4d theory. Of particular interest to us, the IIB string theory has D3-branes that one can wrap on 3-cycles in the X = K3 × T 2 to obtain supersymmetric black holes in the 4d low energy theory. A general class in H 3 (X, Z) can be described as follows. Choose a basis ω i , i = 1, · · · , 22 for H 2 (K3, Z). Let α, β furnish a basis for H 1 (T 2 , Z). Then a basis for H 3 (X, Z) is given by (2.5)
We call the homology classes dual to the first set of forms the A-cycles, and those dual to the second set the B-cycles. The components of the charge vector along the A-cycles characterize the electric charge E of the black hole, while the components along the B-cycles give the magnetic charges M :
One can find the attractors by expanding a general charge vector Q ∈ H 3 (X, Z) in this basis, and imposing the condition (2.1). By explicit calculation together with a theorem of Shioda and Inose [44] , Moore finds that the attractor points in the K3 × T 2 moduli space combine:
• A choice of singular K3, i.e. a K3 surface of Picard rank 20. The theorem of [44] associates to such a K3 surface an elliptic curve.
• A value of the τ modulus of the compactification T 2 which determines an elliptic curve with complex multiplication; i.e. τ satisfies an equation of the form (2.7)
with integer a, b, c.
To a singular K3 is associated a natural two-dimensional lattice, the transcendental lattice T (the complement in H 2 to the lattice spanned by the algebraic curve classes). The attractor equations tell us that we can take p, q as generators of T . Moore argues that the naturally associated quadratic form
then has the same discriminant as (2.7), and the singular K3 surface is associated with the same τ value by the theorem of Shioda and Inose.
The discriminant
is invariant under the U-duality group, the SO(22, 6; Z) × SL(2, Z) arithmetic group which acts on the Teichmuller space. The charges inequivalent under this group that give rise to the same value of −D are the distinct attractor black holes with the same value of the black hole entropy, in the supergravity approximation.
It follows from what we have said that there is a theorem: An immediate corollary of this theorem is that there is a connection between counting functions for inequivalent attractor black holes at fixed entropy, and automorphic forms with coefficients governed by the class numbers of binary quadratic forms. For an elementary discussion, see [31] . Question 2.2. There are simple variants of the K3×T 2 compactification known as "CHL strings," which involve other compactifications on complex threefolds of SU(2) holonomy. What is the generalization of this story to CHL strings? Question 2.3. Does this phenomenon generalize in an interesting way to Calabi-Yau threefolds with generic holonomy? (Some conjectures regarding this question, and their preliminary exploration, may be found in [37, 38, 36] .) So far, we only see the emergence of class numbers (as numbers of attractor points at a fixed entropy), and not the group structure assigned to binary quadratic forms by Gauss. We comment here on a conjectural physical interpretation of the class group. While the U-duality group of the string compactification under discussion is SO(22, 6; Z) × SL(2, Z), the supergravity is ignorant of charge quantization. Therefore supergravity naturally sees an SO(22, 6; R) × SL(2, R) symmetry acting on the moduli, and on solutions of the equations of motion. As discussed in earlier papers by Sen [42] and particularly Cvetic and Youm [13] , one can in fact generate all of the solutions with a given value of the black hole mass (controlled by −D), by starting with one such solution and acting with suitable SO(22, 6; R) × SL(2, R) "solution-generating" transformations. Of course most elements of the group give rise to objects which do not exist in the full theory, as the charges are inappropriately quantized. But for special choices, one can obtain -starting with a solution with correctly quantized charges -other solutions with properly quantized choices and the same value of −D. A further interesting correspondence is noted in [38] . Suppose we label the attractor values of τ arising at a given D as
, and its extension by j(τ i ) to bê
(with j the Klein j-function). It turns out that this is independent of i (by the theorem in §3.5.4 of [38] ). Then the attractor K3 × T 2 associated to τ i is arithmetic, and is defined over (some finite extension of)K D . Moreover, the Galois group Gal(K D /K D ) is isomorphic to the class group C(D), and acts to permute the attractors at a given value of D. Question 2.6. What is the connection between the supergravity duality group and the Galois group
2.2. Examples. Here, we give some examples of possible embeddings of the class group in the solution-generating symmetry group. We first discuss two simple explicit examples mentioned in [37] , and then comment on some generalities below.
Example 2.7. D = −20:
At D = −20, the class group is Z 2 and there are two U-duality inequivalent black holes. One representative is for them to have charges
Here we are using the conventions of [13, 42] . In particular, of the 28 + 28 possible electric and magnetic charges, we work with 12 electric and 12 magnetic charges which rotate into one another under an SO(6, 6; R) ⊂ SO(22, 6; R) of the supergravity duality group. These break into two sextuplets of electric and magnetic charges, with inner product governed by the matrix (as in Acting with O(6, 6, R) × SL(2, R) on p 1 , q 1 to give p 2 , q 2 gives us the constraints:
In order to match the T-duality invariants of p 2 , p · q, and q 2 , we can choose the SL(2, R) element
; this squares to negative the identity matrix.
At D = −84, the class group is Z 2 × Z 2 , and there are four U-duality inequivalent black holes. One representative is for them to have charges
In the same basis as before, we can choose the following vectors: Any black hole which has some charge representative with p · q = 0 must correspond to a class group element that squares to the identity. Suppose we have
We can choose the explicit vectors
We can show that the following SL(2, R) element takes the "canonical" identity electric and magnetic charges (i.e. with p
, p Id · q Id = 0) to have the same T -duality invariants as p and q in (2.17):
This element squares to minus the identity in SL(2, Z). It would be interesting to show that there always is an Ω ∈ O(6, 6; R) that acts on the identity charge vectors to form p, q, and whose square is in O(6, 6; Z).
3.
Gauss's theory of class groups and Theorem 1.1
In this section, we will describe the basic features of Gauss's composition law for positive definite binary quadratic forms. We will also briefly describe ideal class groups and how these relate to quadratic forms in the case of imaginary quadratic fields. More details about the topics discussed here can be found in [12] , for instance, after which some of the following exposition is modeled. Throughout, D denotes a negative, fundamental discriminant.
3.1. Gauss's composition law. Gauss's composition law gives a procedure for combining two binary quadratic forms of discriminant D and obtaining a new one, also of discriminant D. This law has its origins in the classical identity of Diophantus and Brahmagupta, which states that
In the language of quadratic forms given above, this can be interpreted as saying that if we multiply two values of the quadratic form [1, 0, n] together, we obtain another value of the same quadratic form. Gauss generalized algebraic identities such as these to study what he referred to as the composition of two forms (all forms of discriminant D):
is always a value of [A, B, C] at bilinear forms in the inputs x, y, z, w. To make the set of equivalence classes of binary quadratic forms into a group, we need an algebraic "composition law" which is well-defined as a function on classes, not just forms. Gauss describes a procedure for doing this, although his method is complicated.
Dirichlet gave a simpler method for obtaining such a composition law, which we describe here. 
where N is the unique integer modulo 2aa such that
This composition law preserves discriminant, primitivity (having all coefficients relatively prime), and, importantly, equivalence class. Thus composition descends to a binary operation on the set C(D) of classes of primitive positive definite binary quadratic forms of discriminant D. 
The order of C(D) is called the class number, and is denoted by h(D).
We now describe of the basic structure of these groups. The identity element is represented by (3.1)
It is also easy to take inverses of elements under the composition law; explicitly, the inverse of the class represented by a form [a, b, c] can be represented by
There is one other particularly well-understand facet of the structure of class groups. Specifically, Gauss's genus theory famously determines the 2-torsion subgroup of C(D), which we denote by C 2 (D). Remark. The class number, h(D) is famously known to be finite, which isn't a priori clear from the definition above. To see why it is true, we need to introduce another definition. We call a quadratic form [a, b, c] reduced if either −a < b ≤ a < c or 0 ≤ b ≤ a = c. It turns out that every quadratic form is uniquely equivalent to a reduced form. Given this, one can directly check that there are only finitely many a, b, c of fixed discriminant D satisfying these inequalities, and this gives us a fast way to compute representatives for each of the classes.
3.2.
Ideal class groups of imaginary quadratic fields. It turns out that the composition operation on quadratic forms encodes deep information about arithmetic in quadratic fields. Specifically, for d < 0, consider the imaginary quadratic field Q(
We may assume that d is square-free, and the discriminant of this field is
In this field, we consider the set of algebraic integers
Associated to the number field Q( √ D) is the class group of O D , which is the quotient of the group of so-called fractional ideals by the group of principal ideals. It turns at this "ideal class group" is isomorphic to the class group described in the previous subsection. We recall from Section 2 that the (equivalence classes of) binary quadratic forms at these values of the discriminant correspond to black holes with electric and magnetic charge vectors q, p satisfying
counted up to U-duality action. There are precisely two (four) such U-duality inequivalent black holes in the compactification on K3 × T 2 . Explicit representatives of the charge vectors for these black holes were presented at the end of Section 2. 
Further discussion
4.1. Class Number Estimates. The study of class numbers h(D) and how they grow with discriminant is a classical problem in number theory. Gauss famously conjectured that for negative discriminants D, we have h(D) → ∞ as D → −∞. That is, Gauss surmised that for any natural number n, there are finitely many discriminants with h(D) = n. In particular, he conjectured complete lists of such D for some special cases. For example, it is especially interesting to consider those discriminants with class number one. In this case, Baker showed in [2] that there are only finitely many class number such discriminants, and Heegner and Stark (cf. [27] and [47] ) showed that the fundamental discriminants with class number 1 are precisely D = −3, −4, −7, −8, −11, −19, −43, −67, −163, and the non-fundamental discriminants are D = −12, −16, −27, −28. Gauss's conjecture is known in generality by Heilbronn [28] , and these explicit lists are known at least for class numbers n = 1, . . . , 100 (thanks to work of Watkins [51] ).
It is natural to ask for an asymptotic refinement of Heilbronn's theorem on the class number problem. Namely, as D grows, how fast does h(D) grow? The year following Heilbronn's work, Siegel gave an answer to this question, proving in [45] that if ε > 0, then there is a corresponding c(ε) > 0 such that for sufficiently large |D| we have that
A short proof of this fact can also be found in [23] . The nature of Siegel's proof is quite interesting. He obtained this conclusion explicitly assuming the truth of the Generalized Riemann Hypothesis (GRH), and he obtained the conclusion inexplicitly (i.e. there is no formula for c(ε)) if the GRH turns out to be false. Either way, this offers an ineffective proof, one which cannot even prove the infamous class number 1 problem discussed above. At present, the best known lower bound is due to Goldfeld, Gross, and Zagier [24] h(D) > 1 7000 (log |D|)
Improving on this lower bound is generally considered to be one of the most important problems in analytic number theory. See Figure 1 for a plot of class numbers.
4.2.
Class Number divisibility. The subsection above was about the size of class groups, and hence numbers of equivalence classes of quadratic forms. In addition to studying their analytic growth rate, much work has been done on their arithmetic properties, such as the study of congruences they satisfy. For instance, in addition to studying the size of class groups, it is natural to ask about their structures as groups. For example, how large should we expect their p-torsion subgroups to be for primes p? For p = 2, Gauss's genus theory gives a simple and elegant answer, as described in Theroem 3.3 above.
Davenport and Heilbronn famously studied the case when p = 3 (see [15] ). In particular, they proved that the average size of the 3-torsion subgroups of h(D) tends to 2, and that the proportion of class numbers not divisible by 3 is at least 1/2. Little is known for p ≥ 5. However, known heuristics give conjectural answers towards understanding the structure of p-torsion subgroups of class groups. In particular, the expected probability that the p-torsion subgroup is trivial is 1 , SHAMIT KACHRU 1 , KEN ONO 2 , AND LARRY ROLEN predicted by the Cohen-Lenstra heuristics of [11] , which in this special case claim that
Other than the case when p = 3 where substantial progress towards Cohen-Lenstra is known thanks to Davenport and Heilbronn, we are far from proving the predicted proportions. In fact, we are far from proving that a positive proportion of discriminants have class number not divisible by p. We do, however, have results such as Theorem 2 of [33] , which states that
Finally, we consider another structural question about class groups. For an integer g ≥ 2, let N g (x) denote the number of square-free D ≤ x such that C(−D) contains an element of order g. As discussed above, Gauss's genus theory predicts the answer for g = 2. Specifically, the results above imply that a class group has an element of order 2 if the discriminant has at least two prime factors, and so
Towards this result, we have the following theorem of Soundararajan.
Theorem 4.2 (Theorem 1 of [46]).
We have that
.
Since we do not have a specific speculation in mind, we highlight the following question.
Question 4.3. What does the structure of class groups mean in the context of attractor black holes? Can the physics interpretation of class groups put forth in this survey be used to study these old questions in number theory?
4.3. Rademacher Sums. Let ∆(q) be Ramanujan's Delta function, given explicitly by the formal power series expansion ∆(q) = q
where the Fourier coefficients are denoted by τ (n). As we shall see in the next section, the coefficients of ∆(q) are naturally expressed in terms of class numbers, and hence counts of Uduality equivalence classes of attractor black holes. Therefore, we make a brief digression from class numbers and black holes to consider ∆(q), the prototypical cuspidal Hecke eigenform in number theory.
A distinguished physical role of not ∆(q), but rather 1/∆(q), is known. Counts of BPS statesof interest for their connections to black hole physics or otherwise -have been a major enterprise in theoretical physics since the duality revolutions of the mid-1990s. The simplest non-trivial state count -of particle states preserving 1/2 of the supersymmetry in type IIA string compactification on K3, or the dual heterotic string compactification on T 4 -gives as the answer
where D n is interpreted as the number of BPS particle states of mass n. This formula can be easily understood from the perspective of the heterotic string: a 1/2 BPS state in heterotic string theory arises by keeping the right-moving string modes in their ground state, and exciting the left-moving oscillators. The left-moving degrees of freedom include (in light-cone gauge) 24 bosonic fields, and the oscillator sums for these fields give the inverse eta-product characterizing 1/∆. It also has a dual description in type II string theory: these BPS states arise from bound states of D0-branes to a D4-brane wrapping a K3 surface in IIA string theory, and one can understand D n as computing the Euler character of the Hilbert scheme of n points on a K3 surface [50] :
One useful way to think of these formulae is in terms of the Rademacher sums of number theory, which are often called Poincaré series in the modular forms literature. For physicists, one can think of a Rademacher series in the following heuristic way. Suppose one has a symmetry group G, and one wishes to construct a function f invariant under G action. One simple method is to construct f by starting with a single term -say a constant -and then summing over G -images of this term. As long as the sum converges, the resulting function will be G-invariant by construction. Rademacher's method similarly constructs a modular form by starting with the most polar term in its q-expansion, and then successively summing over Γ = SL(2, Z) images of this term. More properly, because SL(2, Z) is infinite, one should sum over cosets Γ ∞ \Γ (with Γ ∞ defined as the upper triangular matrices in SL(2, Z)) in order to obtain a convergent expression. Some care has to be taken with convergence of the sum when studying modular forms of negative weight. This formal construction obtains physical interpretation in the context of string theory, and especially in dualities between AdS 3 gravity and 2d conformal field theories. There, in the "Farey Tail" of Dijkgraaf et al. [16] , the Rademacher sum representations of suitable partition functions are interpreted as sums over saddle points in AdS 3 quantum gravity, with different powers of q weighing different saddles by an appropriate Euclidean action for the corresponding gravity solution.
We can apply Rademacher's expansion to 1/∆ (a case originally studied by Rademacher himself). As usual, we let K(m, n; c) be the Kloosterman sum
, whered denotes the multiplicative inverse of d modulo c. Then it is a classical fact (for example, see §6.3 of [8] ) that the Fourier coefficients of 1 ∆(q) =:
for n ≥ 1 are given by the Rademacher sums
where I 13 is the index 13 I-Bessel function. This expansion actually should have a nice path integral sum-over-saddles interpretation in string theory as giving the generating function of entropies of "small black holes" in compactification on AdS 2 × S 2 × K3 × T 2 , though details remain hazy; see for instance [26] .
In number theory, ∆(q) is more prominent than 1/∆(q). It is the prototype of a Hecke eigenform, and as a result offered early examples of deep structures and results such as Galois representations, the Weil conjectures, and Hecke theory. It is very interesting to note that both 1/∆(q) and ∆(q) are unified in that their Fourier expansions are both "Rademacher sums". In the case of ∆(q), for any n ≥ 2 we have that
where β ∆ = 2.840 . . . , and J 11 is the usual order 11 J-Bessel function.
Since Rademacher sums appear naturally in physics, it is natural to ask the following question. It is immediately evident to every physicist that ∆ is closely related to a torus partition function in a 2d CFT of 24 free fermions with a particular spin structure, but in fact that function vanishes due to fermion zero modes, and giving any precise physical insight into facts about the Fourier coefficients τ (n) of ∆ remains an intriguing open problem.
We close this section by noting that the formulae for counting of 1/2 BPS states explored here have a rich generalization to the counting of 1/4 BPS states in string compactification on K3 × T 2 , first explored in [17] . Connections of the 1/4 BPS state counts with the theory of Siegel forms, Jacobi forms, and mock modular forms, and associated questions in number theory, were discussed in the work of Dabholkar, Murthy and Zagier [14] .
4.4.
Eichler-Selberg Trace formula. The function ∆(q) can also be interpreted as the infinite collection of Hecke eigenvalues, as the Fourier coefficients τ (n) are precisely the eigenvalues of ∆ under the action of the n-the Hecke operator T n acting on the one-dimensional space of weight 12 cusp forms for SL 2 (Z). The well-known Eichler-Selberg trace formula gives an explicit formula for the trace of T n acting on the space of weight k cusp forms on SL 2 (Z) in terms of class numbers (see, e.g., [53] ). To give this formula, we need to define a few notations. Firstly, we need the Hurwitz class numbers H(D), a modification of the h(D), which count the number of equivalence classes of positive definite binary quadratic forms (not necessarily primitive) of discriminant D, and in this count weights forms which are equivalent to a form of the shape [a, 0, a] by a 1/2 instead of a 1 and weights forms equivalent to a form of the shape [a, a, a] by a 1/3 (the "2" and "3" here count the order of the stabilizer of the form in SL 2 (Z), which is 1 in all other cases). Letting ω D denote this stabilizer count, which is generically 1 but is 2 or 3 in the distinguished cases just listed which correspond to D = −4, −3, respectively, we also have the explicit formula
Furthermore, we let P k (t, N ) denote the coefficient of x k−2 in the power series expansion of
The Eichler-Selberg trace formula then says that the trace of the Hecke operator T (n) on the space of weight k cusp forms for any even weight k ≥ 4 is:
where we let H(n) = 0 for n > 0, and we formally define H(0) = − 1 12 . When k = 12, the space of cusp forms is one-dimensional, spanned by ∆, and so the trace of T (n) is simply the eigenvalue τ (n). For example, for a prime p, these formulas then say that
Question 4.5. Since the Eichler-Selberg traces formulas for ∆(q) are phrased in terms of class numbers, it is natural to ask: do the coefficients of ∆(q) have a natural physical interpretation in terms of black holes? 1 , SHAMIT KACHRU 1 , KEN ONO 2 , AND LARRY ROLEN 3 4.5. Counting elliptic curves. A final interpretation of class numbers we discuss here realizes them as counting isomorphism classes of elliptic curves with fixed structure (based on seminal work of Deuring). For example, if we specify the total number of points over a finite field F q for a prime power q = p r , then we can give explicit formulas for these isomorphism counts. For instance, we have the following sample result of Schoof, where in the following, I(t) denotes the isogeny class of elliptic curves with q + 1 − t points over F q and N (t) is the number of F q -isomorphism classes of curves in I(t). Theorem 4.6 (Special case of Theorem 4.6 in [41] ). If t 2 < 4p and p t or t = 0 and q is not a square, then
Remark. Schoof also gives formulas for N (t) in other cases as well, but the 6 other cases all have simple formulas which are boundary cases which don't involve class numbers, so we omit them.
Note that in particular, Theorem 4.6 applied to the supersingular case over a prime-order field F p with t = 0 implies that N (t) = H(−4p). Schoof also proves results on the number of isomorphism classes of elliptic curves over F q with distinguished torsion subgroups, such as the following.
Theorem 4.7 (Special case of Theorem 4.9 in [41] ). If n ≥ 1 is odd, t 2 ≤ 4q, p , t, q ≡ 1 (mod n), and t ≡ q + 1 (mod n 2 ), then
The proofs of these theorems identify ideal classes with elliptic curves through the theory of complex multiplication. Supersingular elliptic curves (i.e. those with t = 0) stand out prominently in number theory. For example, the locus of such curves is a fundamental device in the theory of p-adic modular forms. In view of the special role of these curves, it is natural to ask the following question.
Question 4.8. Considering t = 0, i.e., in the case of supersingular elliptic curves in characteristic p, are there corresponding special properties of the attractor black holes with entropy S = π √ 4p?
4.6. Extremal conformal field theories. In this subsection, we will discuss one further place that class numbers have made a brief appearance in physics. The AdS/CFT correspondence [34] relates a d-dimensional conformal field theory (CFT) with a gravity theory in d + 1-dimensional Anti de Sitter space. In [52] , a natural question was asked: what two-dimensional CFTs would be dual to a putative theory of pure three-dimensional gravity, with only graviton excitations in the spectrum, along with black holes (known as "BTZ black holes" in 3d gravity)?
In [52] , the assumption made was that the two-dimensional conformal field theory would have a spectrum "as close as possible" to the vacuum character of the CFT. A large simplifying assumption was also made -that the two-dimensional conformal field theory would holomorphically factorize, so that the mathematical machinery of modular forms could be used. An extremal CFT was defined in [29, 30] to be a (hypothetical) holomorphic CFT at central charge c = 24k that had partition function
such that, at fixed integer k, Z k (q) was the unique function satisfying both the above constraint, and was modular invariant under SL(2, Z) transformations. In [52] an elementary argument was given showing that the function Z k (q) always exists, but it is unknown which extremal CFTs exist for k > 1. 2 Nevertheless, it turns out that these modular functions have a description that involves both Rademacher sums and the CM points counted by these class numbers. In the spirit of this paper, we record these identities here.
For any positive integer d, we define the Rademacher sum
and I 1 is a modified I-Bessel function. Furthermore, we recall a finite, algebraic formula for the partition numbers p(n) obtained in [9] . This is expressed in terms of the quasimodular Eisenstein series E 2 and Dedekind's eta function. We then define the weight −2, level 6 modular function
and its non-holomorphic derivative
For positive integers D, let
where Γ 0 (6) acts on the set of quadratic forms in the usual way. For any Q ∈ Q D , we also take τ Q to be the CM point in the upper half plane satisfying the aτ 2 Q + bτ Q + c = 0. It is known that (24n − 1)P (τ Q ) is an algebraic integer for any Q ∈ Q D . Thus, it is reasonable to consider the traces of singular moduli Tr(P; n) := Q∈Qn P (τ Q ) .
In [9] , it was shown that Tr(P; n) = (24n − 1)p(n).
By combining these facts, we obtain the following closed form expression of these proposed extremal partition functions in terms of sums over generalized class groups and Rademacher sums (see [39] ):
In [22] , an extension of extremal CFTs to N = (2, 2) supersymmetry was defined. There, instead of considering purely holomorphic partition functions (as would be associated to chiral CFTs), we can instead consider the elliptic genus (a holomorphic index), and demand that the elliptic genus matches the N = 2 superconformal vacuum descendants. The elliptic genus of an N = (2, 2) superconformal field theory with integral U (1) charges can be shown to transform as a weak Jacobi form of weight 0 and index m = c/6 (where c is the central charge of the CFT) [32] .
The analogous definition of an extremal N = (2, 2) CFT would be that the polar pieces of the elliptic genus vanish. In particular, define the Fourier coefficients of the elliptic genus as follows:
c(n, )q n y and define the polarity to be
where m is the index of the weak Jacobi form (and related to the central charge of the CFT by a factor of 6). Terms in the expansion of Z EG (q, y) with p(n, ) < 0 are called polar terms, and are interpreted as being dual to particle states, in contrast to nonpolar terms (which have p(n, ) > 0) being interpreted as black hole states. An extremal N = (2, 2) theory would be one that matched the polar terms to the superVirasoro vacuum descendants. In [22] , it is shown that except for a finite list of m (namely, m = 1, 2, 3, 4, 5, 7, 8, 11, and 13), there does not exist a function that both transforms with the right modularity properties, and reduces to the superVirasoro descendants for all polar terms (see also [35] ).
3 This is to be contrasted with the nonsupersymmetric case in [52] . There, although it is unknown whether or not the CFTs exist, for all values of the central charge, there exists a candidate partition function with the right modular properties that reduces to the Virasoro vacuum descendants for the polar pieces.
A brief sketch of the argument supplied in [22] goes as follows. It can be shown [18] that at index m, the dimension of the space of weak Jacobi forms, J(m), and the number of independent polar terms, P (m), grows differently with m. In particular, we have ((x)) = x − 1 2 ( x + x ) .
Since at large m, we have P (m) growing larger than J(m), in general we are unable to "tune" all of the polar terms to match the superVirasoro vacuum character.
In [7] , a physical explanation was proposed for the O(m) term in the difference between P (m) and J(m) in terms of small black holes. However, the remaining terms were unexplained. Roughly speaking, the remaining terms grow as a random number multiplying √ m (see Fig. 2, 3, 4) ; it would be interesting if we could get an understanding of this term in terms of small black holes as well. The attractor mechanism has a generalization to non-BPS black holes as long as they are extremal, saturating a condition relating their mass to their electric and magnetic charges [25] . Simple examples in conventional general relativity include the Reissner-Nordstrom black holes. This more general non-supersymmetric attractor mechanism will apply to extremal black holes in theories with moduli spaces of vacua, for instance arising in supersymmetric theories as non-supersymmetric solutions.
The equations for both supersymmetric and non-supersymmetric attractors in IIB compactification on a Calabi-Yau threefold X with holomorphic three-form Ω can be described as follows. Choose a charge Q ∈ H 3 (X, Z), and define (4.10)
Let K denote the Kähler potential on the complex structure moduli space of X. Define the effective potential (4.11)
Here, the α index runs over a label on the complex structure moduli of X, and
The BPS attractors on X are precisely those which extremize both of the terms in V Q independently. The non-supersymmetric attractors on X are instead those which minimize V Q , but do not minimize each term separately [49] . Their physics, geometry, and number theory has been much less studied than that of their BPS counterparts (where in turn, only the surface has been scratched).
Question 4.9. Is there an interesting geometric or number theoretic significance to the nonsupersymmetric attractor points in the K3 × T 2 moduli space, generalizing the connection of BPS black holes to class groups?
